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1 Introduction 



The recent explosion of interest in A/" = 4 supersymmetric Yang-Mills (SYM) and = 8 su- 
pergravity amplitudes is due to the discovery of a host of symmetries and structures that are 
completely hidden in the traditional Feynman diagram approach to computing amplitudes. Per- 
haps even more surprising are the relations that have begun to emerge between perturbative 
gauge theory and gravity amplitudes. 

Tree-level relations between gauge and graviton amplitudes were originally discovered in the 
field-theory limit of the string-theoretic KLT relations [1]. One- loop relations between A/" = 4 
SYM and A/" = 8 supergravity amplitudes were also first obtained using string theory [2], while 
unitarity methods have been used to derive relations at higher loops [3HS]- While much of 
the recent spectacular progress has involved planar (large- A^) SYM amplitudes, the connection 
between SYM and supergravity amplitudes intimately involves the non-planar (subleading-in- 
contributions to SYM amplitudes. 

The connection between gauge and gravity amplitudes has recently been significantly tight- 
ened through the discovery of a new color-kinematic duality of gauge theory amplitudes by Bern, 
Carrasco, and Johansson [IllH]. It was conjectured [7] and proven P^T^ that tree-level n-gluon 
amplitudes may be written as a sum over diagrams built from cubic vertices 



in which the kinematic numerators rij obey precisely the same set of algebraic relations observed 
by the color factors Cj. The denominators di are products of the inverse propagators corresponding 
to each cubic diagram. Given a tree-level n-gluon amplitude in a form that respects color- 
kinematic duality, it was further conjectured [7] and proven ^3J that n-graviton amplitudes can 
be expressed as a sum over the same diagrams 



with the color factors replaced by a second copy Ui of the numerator factors. At the loop level, 
color-kinematic duality was conjectured [71|8] to hold for the numerator factors appearing in the 
integrands of gauge-theory loop diagrams built from cubic vertices, and this was verified through 
three loops for the N' = 4 SYM four-point amplitude |H1[I1]- Loop-level gravity amplitudes can 
then be obtained from the same diagrams using a double copy of the numerator factors. Related 
work on color-kinematic duality appears in refs. [T5|[T6]. and some recent reviews are refs. [HKTTj. 

Recently, Carrasco and Johansson ^18j demonstrated that the five-point amplitude can be 
written in a form in which the numerators of the integrands respect color-kinematic duality at 
one, two [IB], and three [IS] loops. The one-loop Af = 4 SYM five-point amplitude is [IH] 
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where I^^^ and I^^^ are the scalar pentagon and box integrals defined below in eqs. (13.5 ) and (13. 6p . 
C^^) and C'^^^ are the corresponding color factors defined in eqs. (12. ip and (13. 2p . anqj 

^^^^^^^.is^^Q^mmm, .^^^s^^m^^^mmm (1.4, 

A^i2345 K^j 4^(1, 2, 3, 4) ' ' 4e(l,2,3,4) ^ ' 

where [ij] are the usual helicity spinor products, e(l,2,3,4) = e^yptjk'^kl^klk'l^ and 5^^\Q) is 
the manifestly-supersymmetric delta function of the Grassmann-valued supermomentum. The 
BCJ conjecture [8] then suggests that the corresponding one-loop A/" = 8 supergravity five-point 



amphtude is [18] 

-^5'^ = - (f )' E (^A2345/3i2345/^''Hl2345) + \^,,^,d^^\l2- 345)) (1.5) 

where /9i2345 and 712 are numerator factors of a second copy of A/" = 4 SYM, and it was verified 
[18l|20] that eq. ( 11. 5p agrees with the known expression in ref. |4]. 

Loop amplitudes of A/" = 4 SYM theory possess IR divergences which can be regulated through 
dimensional regularization in D = 4 — 2e dimensions with e < 0. The leading IR divergence of 
one-loop n-point amplitudes, such as eq. (II. 3p . goes as 1/e^ [2l]. In a 1/A^ expansion of the SYM 
amplitude, however, the coefficients of the subleading-color amplitudes have IR divergences that 
are less severe than the leading-color (planar) amplitudes [221424] . At one loop, for example, 
the IR divergence of the double-trace amplitude (which is subleading in 1/A^) goes as 1/e, as 
ascertained for n-point functions in ref. [21] . This matches the leading IR divergence of one-loop 
A/" = 8 supergravity amplitudes, which also go as 1/e [25], suggesting the possibility of linear 
relations between supergravity amplitudes and subleading-color SYM amplitudes. Such relations 
were found at one and two loops for four-point amplitudes in ref. [22]. In this paper, we propose 
and prove the relation 

= 20z^ (f)'E/^-345A5;3(12;345) (1.6) 
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between the one- loop A/" = 8 supergravity five-point amplitude and the subleading-color 

SYM amplitude ^45.3(12; 345), defined as the coefficient of the double-trace term in the trace 
expansion of the one-loop A/" = 4 SYM five-point amplitude ^5^^ (cf. eq. (12. 5p ). This relation 
is distinct from one proposed in ref. [20] between the one-loop supergravity amplitude and the 
leading-color SYM amplitudes As-i (12345), as we discuss at the end of sec. HI 

The relation between loop-level gauge theory and supergravity amplitudes proposed in ref. [8] 
is a diagram-by-diagram map between the integrands. In contrast, the various relations between 
subleading-color SYM and supergravity amplitudes found for one- and two-loop four-point am- 
plitudes in ref. [22], for one-loop four- and five-point amplitudes in ref. [20], and for one- loop 
five-point amplitudes in the present paper, are between the integrated amplitudes. We observe 
that in all of these cases, the kinematic numerators are independent of the loop momenta and 



representation of the tree- level five-point amplitude in terms of /3i2345 and 712 was presented in ref. |16| . 
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Figure 1: One- loop five-point diagrams 



therefore can be factored out, leaving the same set of scalar integrals contributing to both the 
SYM and supergravity amplitudes. Finding relations between the integrated SYM and super- 
gravity amplitudes when the numerator factors are dependent on the loop momenta will be more 
challenging. 

This paper is organized as follows. In section 2, we review the color and trace bases for repre- 
senting SYM amplitudes. In section 3, we decompose the Carrasco-Johannson representation of 
the one-loop five-point amplitude into the trace basis. In section 4, we present and prove a linear 
relation between the one-loop five-point supergravity amplitude and the one-loop subleading- 
color five-point SYM amplitudes. Section 5 contains our conclusions, and in an appendix we 
review the leading IR divergence of the one-loop subleading-color five-point SYM amplitude. 



In this section, we review how the one-loop five-point amplitude of A/" = 4 SYM theory may be 
expressed in both the color basis and the trace basis, and how the coefficients in each of these 
bases are related to one another. 

A complete color basis for one-loop five-point amplitudes is spanned by the pentagon color 
diagram in fig. [T]^a) 



where a (12345) depends on the momenta and helicities of the external states, and the sum is 
over all permutations of the momentum, helicity, and color index a of the external states. The 
color factor C\2^^^ is manifestly symmetric under cyclic permutations of 12345 and antisymmetric 
under 12345 — )■ 54321. Bose symmetry implies that a(12345) is therefore also symmetric under 



2 The one-loop J\f = ^ SYM five-point amplitude 





(2.2) 
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cyclic permutations and antisymmetric under reversal of indices, so we can rewrite the amplitude 
as a sum over twelve terms 

12 

A^P= Yl a{12345)cSL = Ya,c, (2.3) 

55/25x22 «=i 

where we choose an explicit basis 

^ _ sr'-n r^P) r^P) r^^) r^^) r^(^) r^^) r^^) r^^) r^^) r^^) r^(^) 1 (0 a\ 

U — l'-^12345' '-'14325' '-'13425' '-'12435' '-'14235' '-'13245' '-'12543' '-'14523' '-'13524' '-^12534' '-'14532' '-'13542J l^-^J 

for later convenience. 

Alternatively, the one-loop five-point amplitude may be expressed in terms of a trace basis [27] 

= Y ^;i(12345) A^[Tr(12345) -Tr(54321)] 
55/25x22 

+ Y ^;3(12;345)Tr(12) [Tr(345) - Tr(543)] (2.5) 

S5/22XS3 

where Tr(12345) = Tr (T^^T'^^T^^T^-'T^s) and the matrices are the generators in the defining 
representation of SU(A^), normalized according to Tr (T°T*) = 5*^^. 

There are twelve independent single-trace coefficients ^5^1 (12345), which are symmetric under 
cyclic permutations and antisymmetric under reversal of indices, and ten independent double- 
trace coefficients ^45.3(12; 345), which are symmetric under exchange of the first two indices, and 
completely antisymmetric under permutations of the last three indices. We therefore write 

22 



4'^ = E^^^^ (2.6) 



A=l 



where the basis {tx} consists of the following single-trace terms 





= A^[Tr(12345) 


- Tr(15432)] 




= N [Tr(12543) - 


Tr(13452)] 




= A^[Tr(14325) 


- Tr(15234)] 




= N [Tr(14523) - 


Tr(13254)] 


h 


= A^[Tr(13425) 


- Tr(15243)] 


h -- 


= [Tr(13524) - 


Tr(14253)] 




= A^[Tr(12435) 


- Tr(15342)] 




= N [Tr(12534) - 


- Tr(14352)] 


h 


= Ar[Tr(14235) 


- Tr(15324)] 


til 


= [Tr(14532) - 


- Tr(12354)] 




= A^[Tr(13245) 


- Tr(15423)] 


tl2 


= A^ [Tr(13542) - 


- Tr(12453)] 



(2.7) 

and the following double-trace terms 

ti3 = Tr(12) [Tr(345) - Tr(543)] tis = Tr(13) [Tr(245) - Tr(542)] 
ti4 = Tr(23) [Tr(451) - Tr(154)] = Tr(24) [Tr(351) - Tr(153)] 

ti5 = Tr(34) [Tr(512) - Tr(215)] tso = Tr(35) [Tr(412) - Tr(214)] 

tie = Tr(45) [Tr(123) - Tr(321)] tsi = Tr(41) [Tr(523) - Tr(325)] 

ti7 = Tr(51) [Tr(234) - Tr(432)] ^22 = Tr(52) [Tr(134) - Tr(431)] . (2.8) 
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The color (12. 4p and trace bases fl2.7l) and (12.81) are related by 



22 



A=l 



(2.9) 



Using = Tr {[T'',T^]T^) to evaluate eq. ^J^) yields 



Cl 



22 

tl + 5^ ^A 

A=13 



(2.10) 



which gives the first row Mix of the transformation matrix. The other rows may be obtained 
through permutations of the external state indices 
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(2.11) 


Equation (l2.9j) implies that the coefficients of the color and trace bases 


are 


related by 







12 



A, 



J2 ^^^^> 



i=l 



hence 



A, 



1, 



12 



(2.12) 



(2.13) 



i.e., the coefficients a(12345) in the color basis (12. 3 p are precisely equal to y45.i(12345), the 
coefficients of the single-trace terms in eq. (12. 5p . On the other hand, these planar amplitudes are 
well-known to be given by the sum of five Im scalar box integrals [21]. The leading IR divergence 
of these planar amplitudes therefore goes as 1/e^. 

Equations (12. lip and (I2.12p also give the coefficients of the double-trace terms; e.g.. 



A 



13 



oi — ^2 + as — «4 — as -I- ag — 07 + as — flg + Oio + an — 



(2.14) 



Comparing eqs. (I2.13P and (I2.14p we see that each of the double-trace amplitudes can be written 
as a linear combination of the single-trace amplitudes, a result long known [2T1|27] . An equivalent 



6 



way to derive this result is to observe that the rank-twelve matrix fl2.1ip possesses ten null 
eigenvectors R\j: 



22 



J2MixRxj=0, j = l,---10. (2.15) 



A=l 



Given that Mix has the form (lli2xi2 ^) , one sees that R = ( ^ ^ ) . The existence of these null 

V-llioxio/ 

eigenvectors, together with eq. ( 12.12^ . implies ten relations among the color-ordered amplitudes 

22 

5^Ai?A, = 0, j = l,---10. (2.16) 

A=l 

For example, the j = 1 relation is 

= Ai-A2 + A3-A^-A5 + AQ-A7 + A8-Ag + A^ + Au - A^ (2.17) 

that is, 

^5.3(12; 345) = +^5.1(12345) - ^5.1(14325) + v45.i(13425) - ^5-1(12435) 
-A5;i(14235) + A5;i(13245) - A5;i(12543) + A5;i(14523) 
-^5.1(13524) + ^5.1(12534) + ^5.1(14532) - ^5.1(13542) . (2.18) 

Using the symmetries of the single-trace amplitudes, this can be written 

^5.3(12; 345) = +A5;i(12345) + A5.i(23415) + A5.i(13425) + A5.i(34215) 
+v45;i(32415) + A5;i(13245) + A5;i(21345) + A5;i(23145) 
+^5-1(31425) + ^5.1(34125) + ^5.1(32145) + ^5.1(31245) (2.19) 



precisely the set of cyclically-ordered permutations in eq. (7.3) of ref. 

Although the planar amplitudes ^5^1 (12345) have a leading 1/e^ IR divergence, eq. fl2.18p 
implies that the leading IR divergence of the subleading-color amplitude A5;3(12;345) is only 
1/e, as shown in ref. [21]. We rederive this result in an appendix of this paper. 



3 The CJ representation of the five-point amplitude 

Carrasco and Johansson recently derived expressions for one- and two-loop A/" = 4 SYM five- 
point amplitudes that manifest color- kinematic duality [IB]. At one-loop their ansatz takes the 
form [8] 

where the sum is over all cubic one-loop five-point diagrams, including relabelings of the external 
lines, with symmetry factors Si. The are the momenta flowing through each of the internal 
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legs of the diagram, which can depend on the external momenta kj and the loop momentum p. 
The numerator factors iVj are as-yet-unspecified functions of momenta and helicity. The color 
factors Ci include the pentagon color diagram previously specified in eq. f l2.ip . but to obtain a 
representation of the amplitude that satisfies color-kinematic duality, one must also include the 
box-plus-line color diagram in fig. [It^b) 

(J^B) jaia2b jbcg jca^d jda^e jeasg 2^ 

which is manifestly antisymmetric under 1^2 and symmetric under 3^5. The box color 
diagrams are not independent of the pentagon color diagrams; the Jacobi identity implies 

MB) _ MP) , MP) fO q\ 

'-'12;345 ~ '-"12345 '-"12543 • \'^-'^) 

Other color diagrams containing triangles and bubbles need not be included since the correspond- 
ing numerator factors Ni vanish for A/" = 4 SYM theory. 

In a beautiful analysis employing supersymmmetry, generalized unitarity, and color-kinematic 
duality of the numerator factors A^'^-'^^ and N^^\ Carrasco and Johannson showed that the nu- 
merator factors at one loop are independent of the loop momentum]^ and so eq. (13. ip can be 
written as 

4'^ = E (^/3i2345/(^ni2345)cS5 + ^7i2;345/(^ni2; SA5)C[^l,,^ (3.4) 
where I^^"^ and I^^^ are the scalar integrals shown in fig. [1] 

/(P)(12345) = / (27r)^ p^{p + h^p + k^ + k^np - k, - h^p - ' ^^'^^ 

/(^)ri234^^ = ^ ( ^'^P I rsfil 

^ ^ {ki + k^fj (2n)Dp2(p + k, + k,np-k,~k,yip-k,)^' 

and /3i2345 and 7i2;345 are functions of external momenta and helicities given by eq. (II. 4p . although 
we will not need their explicit forms in what follows. 

One may see from eqs. (13. 5 p and (13. 6 p that /'^'^^ (12345) is invariant under cyclic permutations 
and reversals of 12345, and /'^^)(12; 345) is invariant under 1 <H- 2 and 3^5. Henc^ /3i2345 is 
symmetric under cyclic permutations and antisymmetric under reversal of indices, and 7i2;345 is 
antisymmetric under 1^2 and symmetric under 3^5. On the basis of these symmetries, we 
rewrite eq. (13. 4p as 

^^^=W'\ E /3i2345/(^ni2345)Ca5 + Yl 7i2;345/(^ni2; 345)CgL5 I • (3-7) 

\S'5/25X22 55/22x22 / 



For the two-loop five-point amplitude, the numerator factors do include dependence on the loop momenta. 
^ As we will see below, /3i2345 and 7i2;345 possess further symmetries as well. 
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We now recast the Carrasco- Johansson one-loop amplitude into the trace basis. First we substi- 
tute eq. fl3.3p into eq. fl3.4p to obtain 



4'^ = E (l^/3i2345/(''^ (12345) + \^,,,,,,I^^\l2- 345) ) Cfg.^ 



55 



(3.^ 



ig' Yl (/3i2345/^''Hl2345) 
S5/Z5XZ2 



7i2;345/^''ni2; 345) + 723;45i/^''n23; 451) 
+734;5i2/^''H34; 512) + 745;i23/^''n45; 123) + 75i;234/^''n51; 234) 



c 



(P) 

12345 • 



By comparing with eqs. (12. 3 p and (I2.13p . one sees that the one- loop planar amplitude is given by 



A;i(12345) 



/3i2345/^''ni2345) + 



7l2;345 



J(«)(12; 345) + 723;45i/^''n23; 451) + 



+734;512/^''n34; 512) + 745;123/^''H45; 123) + 751;234/^''H51; 234) 



(3.9) 



The double-trace color-ordered amplitude follows from eq. (12.181) : 

/l5;3(12;345) = tg'(^ + (3,23,5 1 ^''\l23A5) - /3i4325/^''Hl4325) + /3i3425/^''Hl3425) 

-/3i2435/^''ni2435) - /3i4235/^''ni4235) + /3i3245/^''ni3245) 
-/3i2543/^''ni2543) + /3i4523/^''Hl4523) - /3i3524/^''ni3524) 
+/3i2534/^''ni2534) + /3i4532/^''ni4532) - /3i3542/^''ni3542) 

734;5i2/^''H34; 512) + 734;i25/^''H34; 125) + 734;25i/^''n34; 251) 
J(^)(45; 312) + 745;i23/^''H45; 123) + 745;23i/^''n45; 231) 

j(^)(53;124) + 753;24i/^^H53;24i: 



(3.10) 



+2 
+2 

+2 



745;312 

753;412/^''n53; 412) + 753: 



Carrasco and Johansson derived a number of additional relations satisfied by the numerator 
functions /3i2345 and 712:345- In addition to the symmetries noted above, 7i2;345 is invariant under 
3 <H- 4, and therefore under all permutations of 345, and so can be denoted simply as 712 = —721- 
The box integral contribution to the double-trace amplitude (I3.10p can therefore be expressed as 



A5;3(12; 345)1^^^ = 2zg' [jsJ^^'HSA) + j,,I^''\45) + j,sl^''\53)] 
where /'^■^)(12) represents the sum of box integrals 

/(^)(12) = /(^)(12; 345) + /(^)(12; 453) + /(^)(12; 534) 
which is invariant under 1^2 and all permutations of 345. 



(3.11) 



(3.12) 
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In addition to the above symmetres, the 7,^ obey 

5 

^7,., = (3.13) 

so that there are only six hnearly-independent functions: 712, 713, 714, 723, 724, and 734. The 
/S12345 are expressible in terms of the •jij: 

/^12345 = ^ (712 + 7l3 + 7l4 + 723 + 724 + 734) (3-14) 

and vice versa 

7l2 = /3l2345 ~ /321345 (3.15) 

which implies that the (3ijkim satisfy 

I3[ij][kl]m = 0. (3.16) 

In the next section, we will use these properties to prove a one-loop relation between subleading- 
color SYM and supergravity five-point amplitudes. 



4 One-loop supergravity- SYM relation 

Given the TV = 4 SYM amplitude in a form (13. 4p satisfying color-kinematic duality, the BCJ 
conjecture [8] holds that the Af = 8 supergravity amplitude can be written as a double copy [18] 

M'i^ = - (^)'$^ (^/3l2345/3l2345/^''ni2345) + ^7l2;3457l2;345/^''Hl2;345)) (4.1) 

where /9i2345 and 7i2;345 correspond to a second copy of the A/" = 4 SYM numerators. It was 
verified in refs. [T8l|20] that eq. (14. ip is equivalent to the known five-point amplitude The 
additional symmetries of •jij and ^ij, allow one to rewrite eq. (14. ip as 

M'^ = -(f) I E A2345/3i2345/^''ni2345) + J] 7i27i2/(^Hl2) I (4.2) 

\S5/Z5XZ2 55/22X53 / 

where I^^\l2) is defined in eq. ( Km . 

The one- loop supergravity amplitude has a 1/e IR divergence [25j, and so it is plausible that it 
may be expressed as a linear combination of the double-trace (subleading-in-l/A^) color-ordered 
amplitudes ^45^3(12; 345), which also have a 1/e leading IR divergence. We now establish such a 
relation. 
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Consider the following linear combination of double-trace coefficients 

5^/3l2345^;3(12;345) = 5^^(/3l2345 -^12435)^;3(12;345) 

^ ' W2-/343512 )^;3(12;345) 



$^^734^;3(12;345) 



S3 



J2 ^(^34 + 745 + 753)A;3(12; 345) (4.3) 



where we have used eq. f l3.15p as well as the symmetries of y45;3(12; 345) and /3i2345- Since 
734 + 745 + 753 has the same symmetries as A5;3(12; 345), we can restrict the sum to the ten 
independent double-trace coefficients 

^i2345^;3(12; 345) = Yl 2(734 + 745 + 753)A;3(12; 345) . (4.4) 

Each of the ten subleading-color amplitudes ^5:3(12; 345) appearing in eq. (14. 4p can be rewritten 
in terms of pentagon integrals I^^\ijklm) and (sums of) box integrals using eq. (I3.10p . 

First we extract the coefficient of /*^^)(12345) in the double-trace amplitude A^.2,{ij]klm). 
These can be read off the first row of eq. (12. lip . Each of the following subleading-color amplitudes 
contain a factor of /3i2345/^^-' (12345): 

/l5:3(12; 345), ^5:3(23; 451), ^5:3(34; 512), ^5:3(45; 123), ^5:3(51; 234), 
A.3(13;245), ^5:3(24; 351), ^5:3(35; 412), ^5:3(41; 523), ^5:3(52; 134). (4.5) 

Hence the coefficient of i^^/^^) (12345) in Y^s^ /3i2345^5;3(12; 345) is 

(734 + 745 + 753) + (745 + 751 + 714) + (751 + 7l2 + 725) + (712 + 723 + 731) 
+ (723 + 734 + 742) + (724 + 745 + 752) + (735 + 751 + 713) + (741 + 712 + 724) 
+ (752 + 723 + 735) + (713 + 734 + 741) /3l2345 
= 10 (712 + 7l3 + 7l4 + 723 + 724 + 734)/3l2345 

= 20;gi2345/3l2345 (4.6) 

where we used eqs. (I3.13P and f l3.14p in the last two lines. 

Next we extract the coefficient of J*^^)(34) in eq. ( 14. 4p . The three independent subleading-color 
amplitudes that contribute to the coefficient of J*^^)(34) are 

A5;3(12;345)|j^^^ = 2 [734/(''H34) + 745/^''H45)+753/^''n53)] 
A5;3(25;341)|j^^^ = 2 [734/(^)(34) + 74i/^''H41)+7i3/(^)(13)] 
A5;3(51;342)|j^^^ = 2 [734/^^) (34) + 742/^''^ (42) +723/(^^(23)] . (4.7) 
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Hence the coefficient of i^^/(^)(34) in /3i2345A5;3(12; 345) is 

4 [(734 + 745 + 753) + (734 + 741 + 713) + (734 + 742 + 723)] 734 

= 12 734734 + 4 (745 + 741 + 742)734 + 4 (753 + 7i3 + 723)734 

= 20 734734 (4. 

where we used eq. f lS.lSp in the last hne. 
Assembhng all the pieces we have 

$^/3i2345^;3(12;345) = 20z/ [ /3i2345/3i2345/^''ni2345) + 7i27i2/^''Hl2) 

55 \55/Z5XZ2 55/Z2X53 

(4.9) 

Comparing this with the one- loop supergravity amplitude (14. 2p . we obtain the SYM-supergravity 
relation 

= 20z^ (i)'E^-345A5;3(12;345) (4.10) 



which is the five-point generalization of the one-loop SYM-supergravity relation for the four-point 
amplitude [2l|22]. 

We note that eq. (I4.10p is distinct from the relation between the one-loop supergravity am- 
plitude and the leading- color SYM amplitudes 



M'^ = -l(^)' Yl ^12345^;l(12345) (4.11) 



proposed in eq. (3.27) of ref. [20j. Indeed, substituting eq. (13. 9 p into eq. (14. lip one finds 

Mi'^ = - (f )' 5^ ^^12345 (^/3l2345/^''^ (12345) + 57l2;345/^''ni2; 345) 
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^/3l2345/3l2345/^''Hl2345) 



+ ^ (/9l2345 - ^21345 + /9l2543 " kl^is) 7l2;345/^^Hl2; 345) 



. (4.12) 



Then by using the symmetries of /3i2345 together with the relation (I3.15P one verifies that this is 
precisely equal to eq. (14. ip . thus providing a direct verification of the equivalence of eqs. (3.27) 
and (3.28) of ref. [20]. Because the leading-color SYM amplitudes goes as 1/e^, the leading IR 
divergences must cancel between the terms of eq. (14. lip , whereas in eq. (I4.10p the individual 
terms all go as 1/e. 
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5 Conclusions 



In this paper, we have recast the Carrasco- Johansson representation of the one-loop A/" = 4 
SYM five-point amphtude, which respects color-kinematic duality, into a trace basis consisting 
of leading- and subleading-color partial amplitudes. We then proposed and proved a linear 
relation between the one-loop J\f = S supergravity five-point amplitude and the subleading-color 
SYM amphtude, guided by the fact that the leading IR divergence of each goes as 1/e. This 
generalizes earlier one- and two-loop relations for four-point amplitudes [2l|22]. In all of these 
cases, the kinematic numerator factors are loop-momentum-independent and so we were able 
to obtain relations between integrated amplitudes, and not just integrands. It is a challenging 
problem to find similar relations when numerator factors depend on loop momenta. Focusing on 
the IR behavior of the supergravity and subleading-color SYM amplitudes may provide clues for 
discovering further supergravity- SYM relations. 

Acknowledgments 
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A IR divergence of the subleading-color amplitude 

In this appendix, we rederive the result [21] that the leading IR divergence of the one-loop 
subleading-color five-point amplitude 745;3(12; 345) goes as 1/e. Recall from eq. (I2.17P that the 
one-loop five-point coefficients satisfy 

aW _ 4(1) _ aW , Ai) _ Ai) _ Ai) , Ai) _ Ai) , Ai) _ Ai) , , Ai) _ Ai) /a u 

^13 —^1 ^2 +^3 ^4 ^5 +^6 ^7 +^8 ^9 +^10 +^11 ^12 • l^'-^J 

Using this relation, it was shown in ref. [24J that the subleading-color amplitude 745.3(12; 345) 
can be interpreted as sums of volumes of simple polytopes 

We know from ref. [21] that the one-loop planar five-point amplitude has a Laurent expansion 
beginning 

ViV (0) /I 
- 32vrV'^^ 

where A-^^ is the tree-level amplitude, so 

(1) _ 5g^N / (0) .(0) .(0) .(0) AO) , AO) 
~ ~327r^V " ~ ~ ^5 +^6 

-AP + aP - + A^S + ^ff - ^1?) + ^ (7) • (A-3) 

The twelve tree-level coefficients appearing in this equation are not independent, however, but 
are related the Kleiss-Kuijf relations [30j. A nice way to derive these relations is to write the 



1,---12 



(A.2) 
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tree-level amplitude in a color basis consisting of 



jaia-ib Jba2C j-ca^as ^-j 



(These six basis elements are denoted {ci, ce, cg, C12, C14, C15} in ref. [7]. The other nine q are 
related to these by Jacobi identities.) This color basis can be rewritten using a basis of single- 
trace terms 
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(A.5) 



A=l 



where tx are defined as in eq. fl2.7p except that the factor of N is omitted at tree level. Then 
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(A.6) 



This rank-six matrix possesses six null eigenvectors R\j 

12 

MixRxj = 0, 



j = l,---6. (A.7) 



A=l 



—m 



The existence of these null 



Given that M^x has the form (llexe one sees that R = 
eigenvectors, together with eq. fl2.12p . implies six relations among the color-ordered amplitudes 

12 

^Afi?Ai=0, j = l,---6 (A.8) 



A=l 



which are precisely the Kleiss-Kuijf relations [30] at five points. These relations can be used 
to eliminate A^^ through A^^2 ^ e.g., A^^^ = Af*^ + Af^ + A^q \ Substituting these relations into 
eq. (lA.SP demonstrates that the leading IR divergence of y45;3(12; 345) vanishes. 
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